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Abstract. We define zeta-functions of weight lattices of compact con-
nected semisimple Lie groups. If the group is simply-connected, these zeta-
functions coincide with ordinary zeta-functions of root systems of associa-
ted Lie algebras. In this paper, we consider the general connected (but
not necessarily simply-connected) case, prove the explicit form of Witten’s
volume formulas for these zeta-functions, and further prove functional rela-
tions among them which include their volume formulas. Also, we give new
examples of zeta-functions for which parity results hold.
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1. The background and the motivation

Let M be a compact 2-dimensional manifold, G a compact connected semisimp-
le Lie group acting as a gauge group, and E a G-bundle over M. Motivated by
2-dimensional quantum gauge theories, Witten [37] evaluated the volume of the
moduli space M of flat connections on E up to gauge transformations. Such a
result can be regarded as a limit of Verlinde’s formula [35] when M is orientable,
but Witten developed a more elementary method, based on the decomposition of
M into three-holed spheres. The main result in [37] is now called Witten’s volume
formula, which expresses the volume of M in terms of special values of the Dirichlet
series

Cw(siG) =) (dimy)~?, (1.1)

P
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where ¢ runs over all isomorphism classes of finite dimensional irreducible repre-
sentations of G.
Let g = Lie(G) be the Lie algebra of G, and define

Cw(s;g) =Y (dime) ", (1.2)

@

where the summation runs over all isomorphism classes of finite dimensional ir-
reducible representations ¢ of g. When G is simply-connected, then there is a
one-to-one correspondence between ¢ and . In fact, each ¢ is the differential of a
certain v, and so

Cw(s;8) = Cw(s; G). (1.3)
Zagier [38] formulated the series (1.2) and called them Witten’s zeta-functions (see
also Gunnells-Sczech [5]). Witten’s volume formula especially implies

Cw (2k; ) = Cw (2K, g)m**™ (L.4)

for k € N, where n is the number of all positive roots of g and Cy (2k, g) is a rational
number.

Before proceeding further, here we fix several notations. Let N be the set of
positive integers, Ng = N U {0}, Z the ring of rational integers, Q the rational
number field, R the real number field, C the complex number field, respectively.

Let A be the set of all roots of g, Ay the set of all positive roots of g (hence
n=[A4]), ¥ ={ai,...,a,} the fundamental system of A, o the coroot of a;, 1 <
j <r.Let A,..., A\ be the fundamental weights satisfying (), \;) = A\;j(o)) = di;
(Kronecker’s delta).

Witten’s zeta-function corresponding to g = s[(2) is nothing but the Riemann
zeta-function (s) and (1.4) implies Euler’s well-known formula for ¢(2k). For more
general g, Szenes [25, 26], and also Gunnells and Sczech [5], introduced certain
methods (different from each other) of computing Cy (2k, g).

In [12, 17], the authors introduced the multi-variable version of Witten’s zeta-
function

(r(s;9) = Z Z H (@Y, mady + .o ) T (1.5)
mi=1 mr=1a€A4

where s = (8q)aca, € C". When g is of type X, where X = A, B,C, D, E, F, or
G, we call (1.5) the zeta-function of the root system of type X,, and denote it by
¢r(s; X,). Putting

KAy = J] @ x+...+ ), (1.6)

aEA L

and using [17, (1.5) and (1.7)], we see that

K(A)* G (555 88) = Cw(s; 9). (1.7)
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In [18], the authors introduced a root-system theoretic generalization of Ber-
noulli numbers and periodic Bernoulli functions, and express Cy (2k, g) explicitly
in terms of generalized periodic Bernoulli functions P(k,y; A). Therefore, we now
have sufficiently explicit information on formula (1.4). Moreover, in [12, 14, 18, 19,
22, 33], we proved various functional relations among zeta-functions (1.2), which
include evaluation formulas like (1.4) as special cases.

However, the group G is not necessarily simply-connected in Witten’s paper
[37]. (In fact, this point is emphasized by Witten himself on p. 182 of [37].) When
G is not simply-connected, relation (1.3) does not hold. It is the aim of the present
paper to consider such situation; that is, to study the zeta-functions and volume
formulas in the sense of original formulation of Witten [37].

For this purpose, we introduce the multi-variable version of (w (s;G). From
(1.5) we see that the multi-variable version of (v (s;g) can be regarded as the zeta-
function of the weight lattice of g. Similarly, in the present paper we will define a
multi-variable zeta-function of the weight lattice of G. Actually, this zeta-function,
defined in Section 3, is a partial sum of ¢.(s;g). The volume formula for this zeta-
function is given as Theorem 3.2, which gives an explicit formula for the values of
this zeta-function at s = 2k, where k = (ko )aca, € N” satisfying k, = kg if o and
[ are of the same length. As explicit examples, in Section 4, we consider the cases
of types A, B, and C,., r < 3, and evaluate the associated zeta-functions in these
cases.

Since Theorem 3.2 is a formula for s = 2k, it is not useful when we consider
the values at odd integer points. In order to study such cases, in Section 5, we
give some functional relations among zeta-functions of types As and Cy(~ Bs).
Those relations produce explicit formulas for special values of zeta-functions at
some points of the form s = 1= (l4)aca,, where I, € N and some of them are
odd. Those results include not only evaluation formulas given in Section 4 but also
another type of evaluation formulas which can be regarded as certain extensions of
the previous results in [14, 27, 30, 33]. In Section 6, we consider so-called parity
results for zeta values of types Ay and Cy. We prove that parity results hold for
the zeta-functions associated with the groups PU(3) and PSp(2).

The present paper was already posted to the arXiv in 2010 (arXiv:math/1011.0323).
A continuation of the present paper, in which the details of the case of type Aj are
discussed, was separately published in [20] in 2012.

2. A general form of zeta-functions

We begin our theory with the definition of rather general form of zeta-functions.
We use the same notation as in [15, 17, 18] (see also [12, 13, 16, 19]). For the details
of basic facts about root systems and Weyl groups, see [3, 6, 7].

Let V be an r-dimensional real vector space equipped with an inner product
(-,-). The norm |-|| is defined by ||v|| = (v,v)'/2. The dual space V* is identified
with V via the inner product of V. Let A be a finite reduced root system which
may not be irreducible, and ¥ = {ay,...,a,} its fundamental system. We fix Ay
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and A_ as the set of all positive roots and negative roots respectively. Then we
have a decomposition of the root system A = AL JJA_ . Let @ = Q(A) be the
root lattice, QY the coroot lattice, P = P(A) the weight lattice, P¥ the coweight
lattice, Py the set of integral dominant weights and P, | the set of integral strongly
dominant weights, respectively defined by

Q=Dzai. Q' =Dza), (21)
i=1 i=1
P:é}mi, PV:éBZ)\iV, (2.2)
i=1 i=1
P+:éNo)\i, P++:éN>\ia (2.3)
=1 =1

where the fundamental weights {);}/_; and the fundamental coweights
{A\Y }j=, are the dual bases of ¥" and W satisfying (', \;) = di; and (A}, o) = dy;
respectively. A coweight u € PV is said to be minuscule if 0 < (u, ) < 1 for all
a € A. Tt is known that a minuscule coweight is one of fundamental coweights and
as a system of representatives for PV/Q", we can take {0} U {)\}};es, where J is
the set of all indices of minuscule coweights.

Let
p:% Z a:Z)\j (2.4)

be the lowest strongly dominant weight. Then P,; = P, + p. Let o, be the
reflection with respect to a root o € A defined as

2

0oV =V, Oq Vv —(a’,v)a. (2.5)

For a subset A C A, let W(A) be the group generated by reflections o, for all
a € A. In particular, W = W(A) is the Weyl group, and {0; = 04, |1 < j <7}
generates W. For w € W, denote A, = Ay Nw™tA_,

Let Aut(A) be the subgroup of all the automorphisms GL(V') which stabilizes
A. Then the Weyl group W is a normal subgroup of Aut(A) and there exists a
subgroup © C Aut(A) such that Aut(A) = Qx W. The subgroup {2 is isomorphic to
the group Aut(T") of automorphisms of the Dynkin diagram T" (see [6, Section 12.2]).

For a set X, denote by §(X) the set of all complex valued functions on X. For
a function f € §F(P), we define a subset

Hp={xe P | f()) =0} (2.6)

and for a subset A of §(P), define Hy = (J;c4 Hy. Note that an action of W is
induced on F(P) as (wf)(\) = f(w™tN).

Let f € §(P/Q). Since PV/QV is regarded as the dual of P/Q over Q/Z, f can
be expanded as follows:

= Y0 flwermie, 2.7)

HePY/QY
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where ( , ) is regarded as an inner product on PV/QV, and f: PV/QV — Cis given

by
f Z f —27r11(u,)\)7 (28)

‘ AeP/Q
because for v € PV/Q" we have

> N = 1P/Q6,. (2.9)

AEP/Q

Note that f is automatically W-invariant because for A € P we have 0,(\) =
A — (¥, N)a =\ (mod Q).
For s = (s4) € C", y € V and f € §(P/Q), we define

1
Gr(s,y, [;A) Z (A 2my’\ H W' (2.10)
AEPL aEA ’

Note that (. (s,y, 1; A) was already studied in our previous work (see [15, Section 3],
[18, Section4]). When A = A(X,) = A(g) is the root system attached to g of type
X, then (,(s,0,1; A) coincides with (. (s;g) (see (1.5)). For w € Aut(A), define
the action of w on (. by

(W) (s, y, [ A) = G(w ™ s, wly,w™l £ A), (2.11)

where w™!(s) = (Swa)aca, (if wa € A_, we identify it with —wa). Then it is easy
to see that for w € Aut(T),

(0 ) (8,5, [;A) = ¢ (s,y, f; A). (2.12)

REMARK 1. Here we discuss the reasons why we include the exponential factor

e?mY:A) in the definition (2.10). This is analogous to the Lerch zeta-function
e eQﬂ'zrna
2.13
=) — (2.13)

m=1

It is clear that the form (2.10) with an exponential factor is useful in the study of
multiple series with twisting factors, such as the series discussed in Example 4.1
and Remark 4, or multiple L-functions with Dirichlet characters [15]. Moreover,
the existence of this exponential factor simplifies our argument in various places. In
the argument below, (2.14), (2.19) etc. are impossible to show without using this
factor.

REMARK 2. Tt is to be noted that we may regard y € V/Q" in (2.10). This is
because when a € QY we have (a,)\) € Z, hence e*™(y+taA) — ¢27i(y:A) | for any
Ae Py

PROPOSITION 2.1. The function (-(s,y, f;A), as a function in s, can be continued
meromorphically to the whole space C™.,
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Proof. By use of the expression (2.7), noting Remark 2, we obtain

g’ T 1
Gls,y, [;8) = > Y Fp)e2milm ) 2mity:A) 11 @ A
AeP,y pePv/Qv aEAL ’
~ ) 1

_ 27 (y+p,\)

B Z Fw) Z Cail H (v, \)sa
pEPY/QV AEPy 4 a€A,

= > Fwélsy+pLA). (2.14)
HEPY /QY

In [15, Section 8|, we showed that (. (s, i, 15 A) can be continued meromorphically
to the whole space, hence, so can be (.(s,0, f; A) from (2.14). More generally the
recent result of the first-named author in [11] gives that (.(s,y,1;A), y € V, can
be continued meromorphically, so can be (.(s,y, f; A) from (2.14). This completes
the proof of Proposition 2.3.

Let

S(s,y, f;8) = > N ] ﬁ (2.15)

AEP\Hpv acA
Then, in the same way as in the case of zeta-functions, we obtain
Sy, [;8) =Y FwS(sy+p1A). (2.16)
HEPY /QV

Here we recall the generalized periodic Bernoulli functions P(k,y; A) associated
with A as follows (for the details, see [18, Section 4]). For k = (kq)aca, € Nj and
yeV (or e V/QV), we define

ky,

/ / 1 B xa>

QEALN\T
<HBk ({ v, A Z ro(a¥, \;) })) H dz., (2.17)
(x€A+\\Il aEAL\T

where {By(z)} are the classical Bernoulli polynomials defined by

text > tk
1 %Bk(x)ﬁ-

We have already obtained

21y/—1)ke
H( V-1)

Sty 1:8) = (1" -

)P(k,y; A) (2.18)

a€EA L

for k € (Nx2)™ (see [18, (4.19)]). This function P(k,y;A) may be regarded as
a generalization of the periodic Bernoulli function and Byx(A) = P(k,0; A) the
Bernoulli number.
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Note that Szenes [25, 26] also studied generalizations of Bernoulli polynomials
from the viewpoint of the theory of arrangement of hyperplanes, which include
P(k,y; A) mentioned above.

Suggested by (2.16), we define generalized Bernoulli functions associated with
f and A by

Py f;8) = > fwPky+uA). (2.19)
REPY/QY
Then, by (2.16), (2.18) and (2.19), we have

21/—1)ke
H( V-1)

Sk,y, f;A) = (—1)"( ko)

)P(k,y,f;m (2.20)

a€A 4

for k € (Nso)™.
In [16, Section 9] and [18, Section 3], we constructed the generating function of
P(k,y;A), which is

tha

=Y Pky;A) e (2.21)

keNy a€EA L

Since F'(t,y;A) can be evaluated explicitly ([15, Theorem 4.1]), we can evaluate
P(k,y+u; A) from the expansion of F(t,y; A). In particular, we find that P(k, u; A)
€ Q for any u € PV/Q".

THEOREM 2.2. Fors =k = (ka)aca, €NL,, y €V and f € F(P/Q),

ST oot oty s

weW a€ANwA_

TN — ka
:(_1)"( I1 @\Z?)P(k,y,f;A). (2.22)

acAy
Proof. Since P\ Hav = ey w(Py4), we have

SEyfA) = Y e [T e

AEP\Hpv aEA L

= Z Z FwA)e2miy ) H (@, 110/\>sa

weW XNePq aEA 4

- mitwy A)
ZZ 1f 2zw y)\H a\/)\

weW AePy 4 a€A+

- Z( II -y S“)Cr( 's,wTly, w1 A), (2:23)

weEW a€A, 1

where the last equality follows by rewriting o to wa, and when o € —A,, =
w~rA; N A_ further replacing o by —a (see the proof of Theorem 4.3 in [18]).

Combining (2.20) and the W-invariance of f, we obtain the assertion of the
theorem.
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In the following sections, we treat some special cases. Let A C P with A+Q =
A. Let t4: P — {0,1} be the characteristic function of A defined by

1 if A
=4 AEA (2.24)
0 if XgA
Then ¢4 can be regarded as a function on P/Q. Hence, (2.7) and (2.8) imply that
AN = 3 men ey, (2.25)
nEPY/QY

where 14 : PY/QY — C is given by

1 , 1 )
- — A =2mi(p,\) —27rz(u,)\>. 2.9
tA(p) P/Q )\EP/Q ta(Ne 1P/Q) /\EEA/:QG (2.26)

3. Zeta-functions of weight lattices of Lie groups

Now we define zeta-functions of weight lattices of Lie groups. Let G be a simply-
connected compact semisimple Lie group, and g = Lie(G). There is a one-to-
one correspondence between a connected compact semisimple Lie group G whose
universal covering group is G, and a lattice L with Q(A(g)) € L € P(A(g)) up to
automorphisms (see Remark 3) by taking L = L(G) as the weight lattice of G. Let
L+ = P+ n L
We define the zeta-function of the weight lattice L = L(G) of the semisimple
Lie group G by
. _ LT, L 27 (y,\) 1
G(s,y:G) = Gs,y; LiA) = ) e 1T e

AeLi+p =N

This is the case f =14, A= L+ p and A of (2.10), and so, by Proposition 2.1, we
see that this zeta-function can be continued meromorphically to C*. When y = 0,
we sometimes write this zeta-function as (.(s; G) or (. (s; L; A) for brevity. It is to
be noted that as a generalization of (1.7), we have

K(A)Go(s, ., 5G) = G (s:G) (3.2)

and, if G = G, then L = P and Cr(s; é) coincides with (,.(s; g) defined in Section 1.
For any lattice M, we define M* = Hom(M,Z). Since Q* = P¥ and P* = QV,
from Q C L C P we obtain

PY=Q*>L*>P =Q". (3.3)

We define
1 if pel*/QY,
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PROPOSITION 3.1. Let L be a lattice satisfying @ C L C P. For p € PV/QV, we

have
- (-1 (1,2p)

(Ltp(p) = W(SL*/QV (1) € Q. (3.5)
Proof. We have

Z e*%i(u,/\):(_l)(#y?m Z e 2mi{mA)

Ae(L+p)/Q AEL/Q
Note that (—1)%2) € {1, —1} due to p € Q/2. We obtain
T el {IL/QI it pelr/QY,
. * \
NLIQ 0 it uéL*/QV.

Therefore, (2.26) gives

) = (0@ o).

This completes the proof of Proposition 3.1.
In particular,

o 1 ;
iPrp(p) = Yo et =g, (3-6)
1P/Ql AE(P+p)/Q
and
— 1 o (71)<u,2p>
Lo+p(p) = e 2milnA) = L L 3.7
) =g 2 P/Q 0
We define
Pk,y; L;A) =Pk, y, tL4p; D). (3.8)

Note that since P/L ~ L*/Q" ~ m1(G), this can also be written as

1
()]

Pk,y; L;A) = > (DWPP(ky 4+ A) (3.9)

HETL(G)

by (2.19) and Proposition 3.1.
We can compute P(k,y;L; A) explicitly by (2.19). In particular, combining
with (3.5) we have for v € PV/QVY,
Pk,v; L; A) € Q. (3.10)

From this fact, we can deduce the following.
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THEOREM 3.2. For a compact connected semisimple Lie group G, let A = A(G)
be its root system, and L = L(G) be its weight lattice. Let k = (ko)aea, € N”,
n =|AL|, satisfying ko = kg whenever ||o|| = [|B|. Let k =3, cn, 2ka. Then, for
v ePY/QV, we have

¢ 2k, v;G)
= G (2k,v; L; A)
_=yn (2my/~1)% T .
= 7] 11 ] Pk, v;L;A) €Q 7% (3.11)
aEA L
Proof. By Theorem 2.2 with s = 2k and y = v, we obtain
_1)ka
> atotewutniza) = (I B Jpwoi ).
weW aEAL @

Since roots of the same length form a single Weyl-orbit and w~!v = v (mod QV),
the left-hand side of the above is

> G2k, w5 L A) = (WG (2k,v; L; A).
weWw

The assertion of the theorem follows from this and (3.10).

This theorem is the explicit form of the volume formula for the zeta-function of

the lattice L = L(G). In the case when L = P, (3.11) coincides with our previous
result in [18, Theorem 4.6].
REMARK 3. The correspondence between Lie groups and lattices is a well-known
fact, but here we sketch the demonstration for the convenience of readers. Let G
be a compact connected semisimple Lie group, whose universal covering group is
G. There is a one-to-one correspondence between isomorphism classes of finite di-
mensional irreducible representations of G and dominant analytically integral forms
(for example, [10, Theorem 5.110]). The set of dominant analytically integral forms
produces a sublattice L = L(G) of the weight lattice (or the lattice of algebraically
integral forms) P of g, and L includes the root lattice @ ([10, (4.63)]). In particular,
L(é) = P. Conversely, let G be a simply-connected Lie group, g = Lie(é), and
let L be a lattice satisfying Q@ = Q(A(g)) C L € P = P(A(g)). Then (3.3) holds.
Since PV /QV is isomorphic to the center Zof G by the mapping

P : PY 3 p—expy(2mip) € Z

(where exps means the exponential mapping associated with é), we may regard

L*/QV as a subgroup of G. Define G = G/(L*/QV). We show that the lattice
corresponding to G is L. Write L1 = L(G). Take a maximal torus K of G,
and £ = Lie(G). Let A € L and H € ¢ with expg(H) = 1. The last condition
implies expg(H) € ®(L*), so H € 2miL*, N(H) € 2miZ. Therefore A € L; by [10,
Proposition 4.58], hence L C Ly. On the other hand, (L7 : QV) = (L} : P*) =
(P : Ly), but the right-hand side is equal to (L* : QV) by |10, Proposition 4.67].
Therefore, (L} : QY) = (L* : QV), and we can conclude that L, = L.
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4. Explicit forms of zeta-functions

In this section, we will give several examples of explicit forms of zeta-functions
defined by (3.1). When L = P, the zeta-function is nothing but (.(s;g), so our
main concern is the case P 2 L D Q.

EXAMPLE 4.1. We first study the case of As type. Let A = A(Az) with ¥ =
{0[1, CEQ}, A+ = {Ckh a2, a1+a2}, P = Z/\1+Z>\2, Q = Za1+ZO[2, and p = )\1+)\2.
It is known that (P : Q) = 3 (see |3, Planche I|). Therefore, the only lattice L with
P2 LD>Qis Q. Then Qy = Py N Q. We show

Qi+ +p={mir + moda|mi,me € N, m; =my (mod 3)}. (4.1)

To show this, first note that

2 1 1 2
A = g()q + 502, Ay = gal + gag. (4.2)

In fact, write A = uoy + vas. Since o = 2a;/{, ;) and (o, Aj) = d;;, we have

2
1=(ay, \) = ulay, ar) + vi{ag, az)) = 2u — v,
{af, A1) <a1’a1>( (a1, a1) +v(o, a2))

_ 2 1
,80 A\ = so1+3as.

W=

and 0 = (ay, A1) = —u+2v, from which we obtain u = 2, v =
The case of A\ is similar.

Let A =mqA1 +mods € Q4 +p, mp,me € N. Then A—p =niA; +n2Xs € @,
where n; =m; — 1, j = 1,2. From (4.2) we have

2n1 +n ny + 2n
niA1 +n2/\2=#a1 %

3 Q9.

Since this belongs to @, we have 2"1% € Z and %2"2 € Z, which are equivalent
to n1 = ny (mod 3). This implies (4.1).

The simply-connected group G in the Ay case is SU(3). Let Z be the center
of G. The group corresponding to @) is G/Z, which is the projective unitary group
PU(3). The zeta-function corresponding to P is

Co((s1,82,83),y;5U(3)) = (a((s1,852,83),y; P; Az2)

el e2ﬂ'i<y,m)\1+n)\2>

- Z msins2(m + n)ss’ (4.3)

m,n=1

which, when y = 0, is the classical Mordell-Tornheim double sum. In the case
y =AY = 2aY + fay, we have

St 2m-+n

Gol(s1,52,3), N SUB) = S ——2

s 9 2 )
m,n=1 metns: (m + n)és

(4.4)
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where o = €>™/3 is the cube root of unity. The zeta-function corresponding to Q
is, by (3.1) and (4.1),

C2((s1,82,83),y; PU(3)) = (a((s1,52,83),y; Q; Az)
eQTri(y,)\)

- AE;—‘F,O <ai/’ )‘>Sl <O‘§/v )‘>52 <a\1/ + 055/’ )‘>53

oo

e27ri<y,m/\1 +nX2)

Z msins2 (m + n)ss
m,n=1
m=n (mod 3)

(4.5)

This can be regarded as a kind of “partial zeta-function” of Ay type, the double
analogue of the partial (Riemann) zeta-function.

Fory = y1ay +y20y , we can compute P(k,y; Az2) from their generating function
F(t,y; A2), whose explicit form is given as [16, (9.12)]. For example, the result for
P((2,2,2),y; Az) is explicitly written as [16, (9.13)], from which and (2.19), when
y = 0, it follows that

187
2.2.2),0;0Q; Ay) = ————.
P(( y &y )7 7Q7 2) 2755620
Therefore, we obtain from Theorem 3.2 that
> 1 187
2.2.2): P = = 6.
@22 PUG) = D aar T = oase0s” (4.6)
m=n (mod 3)
Similarly, we can compute
3279473
4,.4.4); P =" - g2 4.7
@((4,4,4); PUB)) = eimeosseretos " (4.7)
53109402098
P = 18 4.8
(2((6,6,6); PU(3)) 3020275543157103456225 © (48)
178778564412743
G2((8,8,8); PU(3)) 2 (4.9)

= 39097800024794787744890206875

Also, in the case y = A\Y = 2ay + a3 (see (4.4)), that is, (y1,72) = (3, %), we can
similarly obtain

G222 N:SUE)) = poceen (4.10)
42«4,4¢Q,AY;SLK3))::igiégiggg%g?gwli (4.11)
G((6,6,6), A3 SU(3)) = 50337982853312932385580954760375Wls’ (4.12)
G((8,8,8), Y SU(3)) 1012923518531597 24 (4.13)

~ 221554200140503797221045015625
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Note that from the definition, we can confirm

G2((2p,2p,2p), A5 SU(3)) = G2((2p, 2p, 2p), X35 SU(3)), p €N,
¢2((2p, 2p, 2p), A5 PU(3)) = C2((2p, 2p, 2p), Az s PU(3))
= G2((2p,2p,2p),0; PU(3)), peN.
In the next section, we will prove certain functional relations for (»(s,0; PU(3))
including (4.6)—(4.9).

REMARK 4. In [24, Section 5], Subbarao and Sitaramachandrarao proposed a prob-
lem of evaluating the double series

oo (_l)m—l e (_l)m—H’L
= S G S
m%::l mknk(m + n)k mzn::l mFnk(m + n)k

As for the case of odd k, the third-named author evaluated each series in terms of
values of ((s) (see [28, 29]). The case of even k is still open. It follows from (4.4)
that the above formulas (4.10)—(4.13) imply certain answers to a problem analogous
to that of Subbarao and Sitaramachandrarao.

EXAMPLE 4.2. We consider the Az type. Let A=A(A;3) with U = {ay, a9, a3},
A+ = {al, g, (3, v+, ag+as, CE1+CE2+CE3}, P = ijl Z)\] and Q = Zj’:l ZOéj.
Analogously to (4.2), we have
3 1 1 1 1 1 1 3

A= 1041 —0—5(124—1()&3, Ay = 50[1 +O¢2+§(13, A3 = Zal + §QQ+ZO{3. (4.14)
It is known that P/Q ~ Z/AZ (see |3]). Therefore, there is a unique intermediate
lattice Ly with P 2 Ly 2 @, satisfying (L1 : Q) = 2. The group corresponding
to P (respectively Q) is SU(4) (respectively PU(4)). The group G = G(L1) is
SU(4)/{£1}, which is known to be isomorphic to SO(6).

We know (see [17]) that

G(s,y:SU(4)) = CG3(s,y; Ps As)
0 eQﬂi(y,ml)\1+m2)\2+m3)\3)

= . 4.15

gty gy 1)
Note that (3(s,0; SU(4)) = (3(s; A3) (see [22]). Similarly to the As case (see Exam-
ple 4.1), from the generating function which was already given in [15, Example 2], we
can compute P((2,2,2,2,2,2),y; As), though it is too long to write it here. Hence,
we can obtain by (2.19) that

19329337

2.2.2222) .\ P;A3) = —
P((2:2,2,2,2,2), A1 P; 43) 14283291230208000°

3

where \Y = 3aY + Jay + ;Y. Therefore, we obtain from Theorem 3.2 that

43((2a2527272a2)5)‘Y7SU(4)) = C3<(2’2’2527272)a)‘Y;P; A3)
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e i3l+2m+n

. m;ﬂgﬂ m3m3m3(my + ma)2(ma + ms)2(my + ma + ms)?
19329337 .
—_— - 4-1
2678117105664000 " (4.16)
Concerning Lq and @, similarly to (4.1), we can show
3
(L1)++p—{ ij)\j| (m;) €N? my =mj3 (mod 2)}, (4.17)

Jj=1

3
Qy+p= { Z m;A;| (m;) €N? my+2ms+3ms=2(mod 4)} (4.18)

j=1

In fact, letting A = 23:1 mj)\j € Q4++p, m; € N, we have A—p = Zf‘:l nj)\j €@y,
where nj =m; — 1, 1 < j < 3. From (4.14), we have
3

3’/7,1 + 2’/7,2 + ns n1 —|— 2712 —|— ns ni1 + 2712 + 3TL3
ZTLJAJ - f@[l 2 (&%) 4 as,

j=1
which belongs to Q. Therefore,

(i) 3ni+2n9 +n3 =0 (mod 4),
(ii) n1 + 2n2 + ng =0 (mod 2),
(iil) ny + 2n2 + 3ng =0 (mod 4).

We see that (iii) implies
(iv) n1 = ng (mod 2),

which automatically implies (ii). Moreover, we find that (iii) and (iv) imply (i).
Therefore, the only essential condition is (iii), which is equivalent to the congruence
condition in (4.18).

Next, define the homomorphism 7 : P = Z3 — Z/4Z by

n(n1,n2,n3) = ny + 2nz + 3nz (mod 4).

Then from the above argument we find that ) = Ker 7. Let L} be the set of
all (n1,mn2,n3) satisfying ny = ng (mod 2). Then {0} C n(L}) € Z/4Z, hence
Q C L; C P. Therefore L should be equal to Ly, which implies (4.17).

Let y = y1a) + y2ad + ysay. From (4.17) and (4.18), we obtain

C3(s,y; SO(6)) = C3(s,y; La; As)
s e27ri<y,m1)\1+m2)\2+m3)\3)

= Z , 4.19
T mitms?ms3(my +ma)*4(mae+ms)s5(mq +mo+ms)se’ ( )
mq1=mg(mod2)

G(s,y; PU(4)) = (3(8,y; Q; As)
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o eQﬂi(y,T?L1>\1+VVI2)\2+‘rn3>\3>

= > T (420
iy mymyPma (matma)*(matms ) *3(mat+maotms) e (4.20)
mit+2m 2’+3 171’3 =2(mod4)

EXAMPLE 4.3. We consider the case of B, and of C types. The simply-connected
group G in the B, case is the spinor group Spin(2r + 1), and G/Z SO(2r 4+ 1),
where Z is the center of G. In the C, case G = Sp(r), and G/Z is the projective
symplectic group PSp(r). The explicit forms of zeta-functions for r = 2,3 are

Ca(s,y; Spin(5)) = Ca(s,y; P; B2)

asd 627ri<y7m1)\1+m2)\2>
N mq,ma=1 milmgz (ml + m2)33 (2m1 + m2)s4
G(s,y;Sp(2)) = Ca(s,y; P5 C2)
0 e27ri(y,mkl +nX2)

= X M M (my + ma)® (my + 2mg)

mi,ma=1

Ga(s,y;5pin(7)) = Ca(s,y; P; Bs)

o eQTri(y,ml)q-‘rmg)\g-‘rmg)\g)

- my m;nszl milm?mgS (ml + m2)54 (m2 + m3)85 (2m2 + m3)56
1
X
(m1 + mo + m3)37 (m1 + 2mo + mg)SS (le + 2mo + m3)59

G(s,y;Sp(3)) = (a(s,y; P5 C3)
e27‘l’i(y,m1/\1+m2/\2+m3/\3)

o0
. ng;nszl mitm3*ms?* (my + ma) (ma + m3)*s (ma + 2ms)*e
1

X
(mq 4+ ma + m3)57(m1 + ma + 2mg3)ss(mq + 2mag + 2mg)®°

(see [14, Sections 8 and 9], [17, Section 6], where only the formulas in the special
case when y = 0 are stated). We know that (P : ) = 2 in the case of B, and of
C, types (see [3]). Therefore, the lattice L with P D L D @ coincides with P or Q.
We show

Qr(Ba)+p = &> myA;|(my) €N? my=1 (mod2) ¢,
2

Q+(CQ) +p = ij)‘j (’fflj) € N2, mp =1 (mod 2) s
3 5

Qi(Bs)+p = Y myA;|(my) €N’ mg=1(mod2) o,
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Q+(C3)+p = Zm] ) €N, my =mj3 (mod 2)

In fact, we consider, for example, the case of Bs. Analogously to Examples 4.1 and
4.2, we have

1 3
)\1 = +CM2+C¥3, /\2 = 041+2042+2Ck3, /\3 = §a1+a2+§a3. (421)

Let A = 2221 mj\; € Q+ +p, mj € N. Then A —p = 2321 n;A; € Q4, where
n; =m; — 1,1 <j < 3. It follows from (4.21) that
2n1 + 2ns + n3 2nq + 4ns + 3ns
e —as,
2 2

which belongs to Q. Therefore, ng = 0 (mod 2), that is, mg = 1 (mod 2). The cases
of By, C and C3 can be similarly treated.

Therefore, we obtain

(S y’SO( )) = C2(Svy3Q;B2)

2mi{y,m1A1+malz)

A—p= a1 + (n1 + 2n2 + ng)as +

= , 4.22
2;:1 mytmy® (my 4 mg)®s (2my + mg)* (122)
m2£11, (n?nod 2)
Ga(s,y; PSp(2)) = (a(s, y;: Q5 C2)
s 627T’i<y,m1)\1+mg>\2>
- Z — = Cr— (4.23)
o mitmy (my 4 m2)% (my + 2my)
m1=1 (mod 2)
G(s,y; SO(T)) = (3(s,y; Qs Bs)
s e27ri<y,7n1)\1+7rL2)\2+7ng)\3>
- MNWZnSZI mitms>ms? (my + mo)%t(mg + m3)® (2ma + mg)®e
mg=1 (;nod 2)
x ! (4.24)
(m1 + meo + m3)57 (m1 + 2mg + m3)58(2m1 + 2mso + m3)59 ’ .
G(s,y; PSp(3)) = (3(s,y;: @5 Cs)
0 eQﬂi(y,ml)\1+ﬂ’L2>\2+m3>\3>
B ml.,,;%:l mitma*ms® (my + ma)s4(mg + mg)®s (mg + 2msg)%s
mi=mg (mod 2)
1
(4.25)

X .
(m1 + mo + m3)57 (m1 + mo + 2m3)58 (m1 + 2mo + 2m3)s9

Now we evaluate special values. Consider the case G = PSp(2). Theorem 3.2 of Cs
type with v =y = 0 gives that

Co((2Kk, 21,21, 2k); PSp(2)) € Q - w**k+D) (4.26)
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for k,1 € N. Actually we have already given the generating function of Cy type (see
[15, Examples 1]) and also the generalized Bernoulli function P((2,2,2,2),y;C>)
(see |15, Examples 3|). Similarly we can give explicit forms of P((2k, 21, 21, 2k),y; C2),
k,l € N, though it is too complicated to describe them here. Using these results,
we can obtain the following explicit formulas:

8
w
2.2.2.2): PSp(2)) =
€((2,2,2,2); PSp(2)) = 5005
29
2,4,4,2); PSp(2)) = ———— 12
€2((2:4,4,2); PSp(2)) = eoioean™
2((4,2,2,4); PSp(2)) = R i
2U% 2,2 %) FoPle)) = 5839012800 ¢
479
4,4,4,4); PSp(2)) = ————————7!6
2((4:4,4,4); PSp(2)) = om0 oeaeston ™

We will give another type of evaluation formulas in the following sections (see Ex-
amples 5.7 and 6.5).

REMARK 5. From (1.4) and (1.7) we see that the original volume formula of Witten
is restricted to the case s = 2(ka)aeA+, where all the ks are the same. Our Theo-
rem 3.2 covers a wider class of special values, such as the (2,4,4,2) and (4,2,2,4)
cases in the above.

5. Functional relations and various evaluation formulas

In the preceding section, we gave explicit forms of several zeta-functions of Lie
groups, and especially gave some evaluation formulas in the cases of A,, Cy and
As types at even integer points, by computing generating functions of their values.
However, it seems a difficult problem to evaluate zeta-functions of Lie groups at
arbitrary positive integer points by that method. In this section, we give various
evaluation formulas for zeta values in the cases of Az and Ca(~ Bs) types, by proving
certain functional relations among them which are analogues of our previous results
given in [12, 14, 15, 22, 33]. The advantage of the method in this section is that it
may treat the special values at s =1 = (lo)aca,, lo € N and some of them are odd.

First we consider (5(s; PU(3)) = (2(s, 0; Q; As) and prove the following theorem,
where ¢(s, a) is the Lerch zeta-function defined by (2.13).

THEOREM 5.1. For p,q € N,

3{@((107 0.9): PU3)) + (—1)°Ga((p, 5,0): PU(3)

+<—1>q<2<<q,s,p>;PU<3>>}

_ _i <p+q—7— 1>(_1)T(2:§')r

7=0 q_l
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2
X;JBT(g)qS(erp—Fq—T,—g)
I (p+q—1—1\ (2m0)"
TZO( p—1 ) 7!

2 a a
X;BT (3)¢(s+p+q—773) (5.1)

holds for s € C except for singularities of functions on the both sides.

ExaMPLE 5.2. It should be emphasized that Theorem 5.1 gives evaluation formulas
for ¢2((a, b, ¢); PU(3)) when a+b+cis odd. For example, putting (p, q,s) = (1,1,1)
in (5.1), we have

3G((LL1);PUM)) =

(-
=

ﬂ

S
3

ﬂ
e
=
/
wl e
N—
M
S i}
w
!

7=0 ’ a=0 m=1
1 2 o]
(27.”)7' a QnLa
B (5) X e 62
T7=0 a=0 m=1
We can easily check that
9 f% if =0 (mod 3)
" a - _
Zgl B, (§> ={—1- ﬁz if =1 (mod 3), (5.3)
a=0 —% + ﬁz if =2 (mod 3)
Then (5.2) can be rewritten to
2 2m

where we denote by xs the primitive Dirichlet character of conductor 3. This is
an analogue of (2((1,1,1); SU(3)) = 2¢(3) (see [27]). Similarly, setting (p,q,s) =
(1,2,2) in (5.1), and using the relations (5.3) and

2 1
—— L if 1=0 (mod 3),
;Q 32(3) {g if 1=1,2 (mod 3), (55
we can obtain
1 3572 27
¢2((2,2,1); PU(3)) = _871<(5) + m((:‘) 33

The above formulas (5.4) and (5.6) can also be deduced by using

o(s:5) —o(s2) =2 S B _ B 6

m=1

L(4, x3)- (5.6)
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instead of (5.3), (5.5). A more general result will be given in the next section (see
Theorem 6.1).
By the partial fraction decomposition, we have

- 1 . 1

LL1;PUB) = =2 S

Gl LDPUE) et o, mlm At n)?
m=n (mod 3) m=n (mod 3)

Hence, combining with (5.4) we obtain

Z m = %C(?’) + %L(ZXB)- (5.8)

m,n=1
m=n (mod 3)

This can be regarded as a formula for a partial sum of the double zeta value,
analogously to the well-known result given by Euler (cf. [9]):

> e = O

m,n=1

REMARK 6. Setting (p, ¢, s) = (2k, 2k, 2k) in Theorem 5.1 and using the fact

. M 2mimax
J! . e .
(z)=——L S _ < , .
Bj(z) Gy N}l_{noo o , JeN, 0<z<1 (5.9)
m=—
m#0

(see [1, p. 266]), we obtain

C2((2k, 2k, 2k); PU(3))
6k 2k

_ (271';) ;) (4/2; : 1)

x3 B: (T‘!L/?’) B(ﬁglj_(%?), k€N, (5.10)

a=0
which is an explicit form of (3.2) for PU(3) and includes (4.6)—(4.9).

Now we give the proof of Theorem 5.1. We first prepare the following lemma
which can be proved by the same method as introduced in [14]. In fact, this lemma
in the case when p and ¢ are even has already been proved in [14, (7.55)]. We use

the notation @(s) 1= ¢(s, 1) = (217 = 1)((s) and &, = % for m € Z.

LEMMA 5.3. Forpe N, s € R with s > 1 and x € C with |z| < 1,

>

1#£0, m>1
I4+m#£0

(_1)l+mxmei(l+m)9
Pms(l 4+ m)4
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P 1 _
=5 ¢<p—j)ep—jZ (q o §>
j=0 520 q

g " Lme (29)

Z s+q+j 3 gl

+2Z &g — j)eq- JZ( _1+j_€>
x(—1)P~t i L@ =0 (5.11)

mstrti=€ ¢l

m=1
holds for 0 € [—m,7].
Proof. For p € N, it is known that (see, for example, [14, (4.31), (4.32)])

_1)leild P i0)
lim > %:22 qs(p—j)spj(j!), e (—m,n). (5.12)

L—o0 ;
—L<ILL =0
140
Note that the left-hand side is uniformly convergent for 6 € (—m,m) (see [36, §
3.35]), and is also absolutely convergent for § € [—m, 7] when p > 2. First we

assume p > 2. Then, for § € [—n, 7], it follows from (5.12) that

-1 leil9 p ) i0 J & -1 mxmeime

) PREUARIEE) PRI ALY [ gl it N D)
lez 7=0 J m=1
1#£0

where the left-hand side is absolutely and uniformly convergent for 6 € [—m,7].

Therefore, we have

( 1)l+mxmez'(l+m)9

Z — Pms

1€Z,1#0
m>=1
l+m#0
p & m .m im0 -0\ J
, (=1)ma™e (i0)7
-2 ¢(p—3)€pj{ > e S
7=0 m=1 J:
e m
_ (_1\p+1 x
=(-1) Z:l — (5.14)

for 6 € [—m,m]. Now we apply [14, Lemma 6.2] with d = ¢ € N. Then we obtain
(5.11) for p > 2.

Next we prove the case p = 1. As we proved above, (5.11) in the case p = 2
holds. Replacing 2 by —ze' in this case, we have
Z (_1)lwmei19
it 2ms(l+m)q
I+m=#£0
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—22) ¢(2—j>ez-jzjj <q_1”—5)

q—1

H’L
yi-e (i0)¢
Z msta+i— mStati—€ gl

+2Z ¢(q—j)6quz (1 H _£>
) i S ) S (5.15)

— m3+2+] 3 é-'

for 8 € [—m,w]. We denote the first, the second and the third term on the left hand
side of (5.15) by I1(0), I2(0) and I3(0), respectively. We differentiate these terms
in 6. We can easily compute I1(0) and I}(0). As for I5(6), we have

. j jo%s) . mxmefimel‘ 3
5(0) =2 é(q - i)eq; {iZU +i-9-n Y ¢ 2s+1+j—f (Z)

Jj=0 £=0
J & m,ma—im0 (:0\E—1
. , (—=1)™a™e (i)
+iy (L+5—-&)(-1) s+2i-¢ (€ 1)!
£=1 m=1 " ’

Note that as for the second member in the curly brackets on the right-hand side, &£
may also run from 1 to j + 1 because 1 +j — (j + 1) = 0 in the summand. Hence,
by replacing £ — 1 by &, we have

) q —imb (19)
I3(0) = ZO J)Eq— JZZ ms+1+_} 3 g
=

£=0m=1

Thus, we see that W, replacing = by —ze', gives (5.11) in the case

p = 1. This completes the proof of Lemma 5.4.

Here we quote the following lemma given in [15, Lemma 9.1]. Note that the
assertion in [15, Lemma 9.1] is stated only in the case that p is even. However, we
can easily check that the assertion holds for any p € N as follows.

LEMMA 5.4. Lett € [0,27) C R, and h : Ng — C be a function (which may depend
ont). Then, forp e N,

S 0l ey S - f)W
£=0 '

=0

- _% Ep:h(p _g) (2;")535 ({ 21;}) . (5.16)

£=0
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Put 0 =t—m, 0 <t < 2m in (5.11) and multiply by (—1)? the both sides.
Then, using Lemma 5.4, we have the following. Note that this can also be derived
by a certain transformation of a result of Nakamura |23, Theorem 3.1] when |z| = 1.

LEMMA 5.5. For p,q € N, s,t € R with s > 1 and t € [0,27), and © € C with
2l <1,

l+m imt 0 l,mei(H»m)t s l.mefilt

(1P e () I
Z le‘ll+m + )lmzlll’ms(l—i—m)qu( )lmzllqms(l—i—m)p

B p+qg—7-—1 = ae™t (2T t
——z( TN e Y s e (s

_Z (ZH—q —-7T- 1) Z msiiq_T (27:')737 ({;ﬂ}) | (517

m=1

Using these results, we give the proof of Theorem 5.1 as follows.

Proof of Theorem 5.1. Let x = e~ and further let ¢t = 2%, a=0,1,2, on
the both sides of (5.17). Then, summing up with a = 0, 1,2 and using the fact for
0 = e>™/3 that

2 .
ZQNa _ {3 if N =0 (mod 3),

= 0 if N #0 (mod 3),

we have

1 ) 1
3 Z Pma(l +m)s +(=1) Z Pms(l +m)q

I,m>1 I,m>1
l=m (mod 3) l=m (mod 3)

I=m (mod 3)

_ _i (p“T 1)(—1)7@25) e ({2

q—1

(TS e (5.

7=0

Noting (4.5) and using Proposition 2.1, we complete the proof of Theorem 5.1.
Secondly, we consider the case of Cs type, namely the zeta-function
Ca(s; PSp(2)) = (2(s,0;Q; Cy) defined by (4.23) with y = 0. We already stud-
ied the zeta-function of C5 type in [14, Section 8] and [15, Section 9]. In fact, using
the same method as in the proof of [15, (9.8)], we can obtain
7.lt —ilt

25 + i
ms(l+m)i(l + 2m)" (=0O)Pms (=l +m)2(—1l+2m)"
m>l

1>1
m=1

l#m
1#2m
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L wHr—1\(p+qg—1—£—w\ (=1)P~¢ (2mi)¢
+ZZ< ST L)
£=0w=0

X((s+p+q+r—E&)Be (t/2m)

9 1 D+ 1—5 w p_w(2m')5
2L (0TS
><¢(8+p+q+r—§7—t/27r)35(t/%)

TR ot — p+qg—2—w\ (=1)P (2mi)¢
+2JZO< PIQMAF=
x¢(s+p+q+r—§,—t/7r)Bf(t/27r)

S0 o

£=0 w=0
xp(s+p+qg+r—§ —t/m)Be (t/2m) =0 (5.18)

for p,q,7 € N and s,t € R with s > 1 and ¢ € [0,27). Actually, this equation with
replacing (p,q,7) by (2p,2q,2p) coincides with [15, (9.8)] in the case (1, p,d,7) =
(¢,0,0,0). Denote the second sum on the left-hand side of (5.18) by 3. We split ¥
into two parts according to the conditions [ < m or [ > m, and transform variables
asj=m—1(>1) when ! <m, and j =1 —m(> 1) when [ > m. In the latter case
we further split the sum according to j < m or j > m (that is, [ < 2m or [ > 2m).
Then we obtain

7zlt

Z Pma(l +m)s(l + 2m)"

m>1

—i(l4+2m)t
p+q Z
leq(l +m)s(l + 2m)P

1>1
m=1

+(-1

7z(l+2m)t

+(—1)pratr 5.19
(- ; Irms(I+m)a(l + 2m)P’ (5.19)
m=1

Replacing X5 by (5.19) on the left-hand side of (5.18), and denote the resulting
left-hand side by H(t). Then (5.18) implies H(t) = 0 for any ¢ € [0,27). Let
t = 0,7. We note that e*™ = e=#(+2m)m — (_1)! for I,m € N. Also we have
#(s,0) = ¢(s, —1) = ((s), ¢(s, —5) = ¢(s) = (2'7* = 1)((s). Therefore, considering
H(U)gH(W)

result.

= 0 and noting (4.23), similarly to Theorem 5.1, we have the following

THEOREM 5.6. For p,q,r € N,

CQ((}%S,(],T);PSP(Z)) ( )pCQ((pvqas T) PSp(2))
+H(=1) G ((r . 5,p); PSP(2)) + (=1)P 1T C((r, 5,4, p); PSp(2))

+z”:’§(w+r—1>(p+q—1—§—W>(21) (275)

—0 w=0 g—1
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Be(0) — B (1/2)
2

EECT o

£=0 w=0
(21 sp—a=r+€ _ 1) B¢ (1/2)

XC(s+p+qtr—€)=

XC(s+p+q+r— )

2
r p—1 '
wHr— p+qg—2—-w\ (1P (27i)¢
+ZZ< ) q—1 )2TE+LU+1 5[
£=0 w=0
><C(8+p+q+r—g)B€(0) _235(1/2)

S (I

£=0 w=0
><<(s+p+q+r—£)B§(O) _235(1/2) =0

(5.20)

holds for s € C except for singularities.

ExampLE 5.7. By Theorem 5.6, we can evaluate (2((a, b, ¢,d); PSp(2)) in some case
when a+b+c+d is odd. For example, setting (p, s,q,7) = (2,1,1,1) and (2,3, 3,5)

n (5.20), we have
GA(2,1,1,1); PSp(2) = 50(2)C3) - 51¢(3),
17379 8191

GA(2,3,3,5); PSp(2) = 10 CAI(9) — o C2)C(1) + o c(13).

In general, it seems to be difficult to evaluate (3((a,b,c,d); PSp(2)) for arbitrary
a,b,c,d € N. We will further consider this problem in the next section.

REMARK 7. Putting (p, s, q,r) = (2k,21,21,2k), k,l € N, in (5.20), we can see that

can be expressed as a polynomial in ((4k + 4l — &)(im)¢ with Q-coefficients. Since
C2((2k, 21,21,2k); PSp(2)) € R, we see that the part consisting of the terms of
C(4k + 41 — €)(im)¢ for odd & vanish. On the other hand, for even &, each term
belongs to Q - 7**+) Thus, we recover (4.26).

6. Parity results

In general, a parity result means a property that some multiple zeta value whose
weight and depth are of different parity can be written in terms of multiple zeta
values of lower depth. The first parity result is Euler’s discovery that the double
zeta value (of weight p + q)

1
G(p,q) = Z P (m 4 n)e” p,geN, q=2,

m>1
n=1
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can be expressed as a polynomial in {¢(j +1) |j € N} with Q-coefficients (cf. [9]) if
its weight p 4 ¢ is odd. This result has been generalized to the case of more general
multiple zeta-values (see [8, 31]).

It is an interesting problem to ask what kind of multiple zeta values has this type
of properties. Tornheim (see |27, Theorem 7]) proved that (2((a,b,c),0;SU(3)) =
¢2((a,b,¢),0; P, As) can be expressed as a polynomial in {¢(j + 1)|j € N} with
Q-coefficients if its weight a + b 4 ¢ is odd. This result has been generalized by
the third-named author [32] to the case of multiple Mordell-Tornheim zeta val-
ues. Also, the third-named author (see [30]) proved that (2((a,b, ¢, d),0;Sp(2)) =
C2((b,a,c,d),0; Spin(5)) has this property, which is an extension of the result of
Apostol and Vu [2].

In this section, we first prove the following fact, which is a PU(3) type analogue
of Tornheim’s result stated above.

THEOREM 6.1. Let a,b,c € N. If a+ b+ ¢ is odd then (2((a,b,c); PU(3)) can be
expressed as a polynomial in {gb(j; %) la €{0,1,2}, j € N} with Q[r, i]-coefficients.

Proof. Denote by X the set of polynomials in {¢(j;%)|a € {0,1,2}, j €
N} with QIr,i]-coeflicients. Then we see that the right-hand side of (5.1) with
(p,q,8) = (¢,a,b) is in X. First we consider the case a is odd and b, ¢ is even, hence
a+ b+ cis odd. Then, by (5.1), we have

C2((e,a,b); PU(3)) + C2((c,b,a); PU(3)) — ¢2((a,b,¢); PU(3)) € X.

Also, setting (p,q,s) = (¢,b,a) in (5.1), we have

C2((e,a,b); PU(3)) + Ca((c,b,a); PU(3)) + C2((bya,0); PU(3)) € X.

Note that (2((p,q,7); PU(3)) = (2((¢,p,7); PU(3)). Hence, these imply the as-
sertion (2((a,b,¢); PU(3)) € X. As for other cases, we can similarly prove their
assertions. This completes the proof of the theorem.
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EXAMPLE 6.2. Setting (p,q,s) = (1,3,5) and (1,5,3) in (5.1), we have
CQ((17375)7 (3)) CQ((L 73)7PU(3)) - (( (3

4 2 4
= —gC(9)+

¢
2 1 2 4733 1
“ar\? 7’3)“5(7’3) "o (‘é(f"’s)‘

1 2 2 1
¢(8’s)‘¢<8’3)>‘27 ¢(773)+¢ 7’3))
1 2 1374 1 2
<6’3) B ¢(6’ 3)) 3645 <¢(5’ 3
475§ 1 2
o (e(s3) —o(+3))

Combining these results and noting (2((3,5,1); PU(3)) = (2((5,3,1); PU(3)), we
have

§2((3’ 55 1); PU(3))

= 20(9) - 01 - 2=C5)
L02)~o(02) )6
w5 (0(03) +o(03)) -3 (o(05) #(03))
o (0(03) +o(23)) - (o(05) ()

REMARK 8. Applying (5.7) and

o(sg) +o(s3) =6 - 1) (6.1

to the above expression, we find that (2((3,5,1); PU(3)) can actually be written
in terms of Riemann-zeta values and values of the Dirichlet L-function attached
to x3. In general, since from (5.7) and (6.1) we see that ¢(s, 1) and ¢(s, 2) can
be written in terms of L(s,xs3) and ((s), Theorem 6.1 can be reinterpreted that
if a4+ b+ cis odd then (2((a,b,c); PU(3)) can be expressed as a polynomial in
{€(5), L(J, x3) | 7 € N} with Q[r,i]-coefficients. This agrees with the results stated
in Example 5.2.
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Next consider the Cy case. Since we have already known the parity result for
Ca((a,b,¢,d); Sp(2)) ([30]), it should be not surprising to know that the following
parity result for ¢2((a, b, ¢,d); PSp(2)) holds.

THEOREM 6.3. Let a,b,c,d € N. If a+ b+ c+d is odd then (2((a,b,c,d); PSp(2))
can be expressed as a polynomial in {C(j + 1)|j € N} with Q-coefficients.

In this case, we cannot directly obtain the assertion from Theorem 5.6 unlike the
case of PU(3). In fact, even if we use (5.20), it seems unable to obtain an expression
of (2((1,2,2,2); PSp(2)) because this value vanishes if we set (p, s,q,7) = (1,2,2,2)
or (2,2,2,1) in (5.20). Hence, we use another method as follows. First we quote
the following.

LEMMA 6.4 ([34, Theorem 4.1]). Let

1
Trulk, 1 d) = Z 2L+ 1) (2m~+ )P (2l + 2m + 7 + p)°

>0
m=0

(6.2)

for k,l,d € N and 7, € {1,2}. Suppose k+1+d is odd. Then T, (k,1,d) can be
expressed as a polynomial in {((j + 1)|j € N} with Q-coefficients.

It should be noted that the assertion in [34, Theorem 4.1] includes a condition
d > 2. However, by examining its proof, we can remove this condition. More
precisely, we know that [34, Theorem 4.1] can be derived from [34, Theorem 3.4]
which includes a condition d > 2. We can easily check that [34, Theorem 3.4] holds
for d = 1 if we interpret the empty sum as 0 in its statement. Thus [34, Theorem
4.1] holds for d = 1 which implies the above lemma. By this lemma we can prove
Theorem 6.3 as follows.

Proof of Theorem 6.3. First we use the relation

(-1)°  ~fc+td—j-1 ;1
X(X+Y)_z::< o )<—1>W

d .
c+d—j5—-1 1
JrZ( d—j )Yc+d—j(X+Y)j (6.3)

for ¢,d € N, which can be elementarily proved by induction on ¢ 4 d by using the
partial fraction decomposition repeatedly. Therefore, setting (X,Y) = (2l + 1 +
m,m) in (6.3), we see that

(—1)CC2(a,b,C, d7 PSp(Q)) 1

:E:(m+1wm%%+1+mw%m+1+2mw

1>0

““fe+d—j—1 , 1
= —1 J B B
—1 ( c—J >( ) Z (20 + 1)embtetd=i (20 + 1+ m)J

1>0
m=1
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d .
c+d—j5-—1
+Z( d-j
J=1 o
_ZC: c+d—j—1
- .

ECH
X
—~ =

c+d—j5-1

- i

.
i Mg
I

()

)Y @
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1
ambtetd=i (2] + 1 + 2m)J

1

_1)j {Tl,l(a7b+c+d_jaj)+$1,2(a7b+c+d_j7j)}

C+d_j‘zl,2(a/ab+ c+ d— ]7.7)

Hence, by Lemma 6.4, we obtain the assertion.

EXAMPLE 6.5. As we noted above, it seems impossible to obtain an expression of
€2((1,2,2,2); PSp(2)) in terms of ¢(s), from (5.20). Hence we use (6.4). Then we

have

C2((17 2,2,2); PSP(Q))

= 2%, 1(1,5,1) + 62T1 5(1,5,1) + T1.1(1,4,2) + 17T, 5(1,4,2).

(6.5)

By the method used in [34, Section 4], we can obtain

T1a(1,5,1) = ~ 10 (B
T1a(1,5,1) = (3G
Tua(1,4,2) = 123
Tia(1,4,2) = TCB)C)

Substituting these results into (6.5), we

<2((17 27 2’ 2); PSp(Q))

1)~ 2 C(5)6(2) + 2o (),
4) — 2L CB)2) + 5ol(7)
+ I — S (D)
+ TeC(5)C(2) — 5o,
obtain

827 1397

6744(5)«2) - 67<<7)'
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